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Abstrat
In previous work by two of the present authors, twistors were re-
interpreted as 4-d spinors with a position dependene within the for-
malism of geometri (Cliord) algebra. Here we extend that approah
and justify the nature of the position dependene. We dedue the
spinor representation of the restrited onformal group in geometri
algebra, and use it to show that the position dependene is the result
of the ation of the translation operator in the onformal spae on the
4-d spinor. We obtain the geometrial desription of twistors through
the onformal geometri algebra, and derive the Robinson ongruene.
This veries our formalism. Furthermore, we show that this novel ap-
proah brings onsiderable simpliations to the twistor formalism, and
new advantages. We map the twistor to the 6-d onformal spae, and
derive the simplest geometrial desription of the twistor as an observ-
able of a relativisti quantum system. The new 6-d twistor takes the
rle of the state for that system. In our new interpretation of twistors
as 4-d spinors, we therefore only need to apply the mahinery already
known from quantum mehanis in the geometri algebra formalism,
in order to reover the physial and geometrial properties of 1-valene
twistors.
1 Introdution
Twistors are nowadays a versatile mathematial tool, whih an be applied
to many dierent areas. Reently, there has been a renaissane in the ap-
pliation of twistors to other elds than the well-known integrable systems.
In string theory for example, new methods have been developed to ompute
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sattering amplitudes in Yang-Mills theories making use of the twistor spae
[7, 41℄. These papers (in partiular [41℄) have had a very important impat in
high energy physis and supergravity theories, leading to extensive researh
on these areas, see for example [6, 13, 14, 12, 40, 4, 9, 5, 8℄.
The initial onstrution of twistors was motivated by Penrose [29, 30, 36,
31, 32, 34, 33℄ to solve one of the most important and still unresolved prob-
lems within theoretial physis: quantum gravity. The twistor formalism
relies on a omplex struture of the physial world, where massless free elds
of general spin are taken as holomorphi funtions, and where the geometry
of spae-time an be related to the priniple of superposition in quantum
mehanis. The building bloks for this last relation are the following ru-
ial aspets of the theory and the onformal spae. The twistor algebra is
an extension of the spinor algebra, and the twistor spae is onsidered as the
most fundamental entity. The spaes needed for general relativity and quan-
tum mehanis, are both subspaes of this more general spae. For example,
events in spae-time are derived in a non-loal way through the inidene of
twistors.
The main objetive of the present paper is to re-interpret twistors and to
look at some of the aspets mentioned above, making use of a speial ase of
Cliord algebras: geometri algebra. This is a real algebra, that allows for
objets suh as tensors and spinors, to be represented in a frame-free way.
Cliord algebras have been used to express spinors and twistors for many
years. These for example, have been realised as one-sided ideals of Cliord
algebras by Cartan, Riesz [39℄, Chevalley, Atiyah, Bott and Shapiro [3℄, and
Penrose. Spei approahes to twistors using real Cliord algebras, an
also be found in the literature, see for example [1℄. Here however, we follow
a dierent approah. This work is based on a previous paper [28℄, where
the authors dened twistors as 4-d spinors with a position dependene, and
obtained some of the physial properties of the partile that a 1-valene
twistor is enoding. We extend here this formalism, and onsider only 1-
valene twistors, leaving 2-valene twistors needed for the onstrution of
events in spae-time to be treated in [2℄. Let us briey summarise the new
results ontained in this paper.
In [28℄, the nature of the position dependene given to the 4-d spinor was
unknown. Here we show that suh a position dependene is the outome of
the ation of a translation operator on the spinor in the onformal spae. We
onstrut a representation of the twistor in the 6-d onformal spae, and de-
due the spinor representation of the restrited onformal group, through the
ation of the group on the 6-d twistor. This result ompletes and amends the
spinor representation of the restrited onformal group within geometri al-
gebra, previously established in [16℄ and [27℄. We verify the onsisteny of our
approah, by reovering the main geometrial struture that denes twistors:
the Robinson ongruene. Furthermore, we are able to derive the simplest
geometrial representation for a twistor as the observable of a relativisti
quantum system, where the 6-d twistor plays the rle of the wave-funtion
for suh a system.
The researh desribed here represents a novel approah to twistors that
is in lear ontrast with the appliations mentioned in the rst paragraph,
where holomorphiity plays a fundamental rle, and twistors are used for
spei omputational tasks only. Furthermore, the use of geometri algebra
brings new advantages by simplifying the formalism.
This work is organised as follows. Setion 1 is the present introdution.
Setion 2 ontains a general review of the main important results found in
[28℄, and it is divided in 3 subsetions. In subsetion 2.1 we dene and ex-
plain the basi general rules of geometri algebra, and speify the algebra for
the spae-time. In subsetion 2.2 we give an outline of spinors following the
onstrution introdued by Hestenes [21℄. Spinors orrespond to objets that
belong to the even subalgebra of the Cliord algebra for the spae, and that
transform in a spei way under the ation of the spin group. Although the
even subalgebra has the same dimension as the ideal of the algebra, this will
at as a rst illustration of how our formalism diers in interpretation and
manipulations with the onventional approahes. In subsetion 2.3 we intro-
due the denition of a 1-valene twistor, and give the physial properties of
the massless partile that it represents. Although the position dependene
is justied later on, this last aspet shows that the new re-interpretation
simplies greatly the formalism. In the next setion (3), we look at the on-
formal geometri algebra. This is divided in two parts. The rst subsetion
is a review of how the onformal spae is onstruted, and how the onformal
transformations are dened within geometri algebra. In the seond part,
we give a novel representation of the twistor in the 6-d spae, and use it
to dedue the spinor representation of the onformal transformations within
geometri algebra. This is ahieved by looking at the way the 6-d twistor
transforms under the ation of the onformal group dened in 3.1. This se-
tion is ruial, beause it shows that the position dependene is simply the
result of translating the origin in the onformal spae to a general position
vetor. Furthermore, the geometrial properties of the twistors that we de-
rive in setion 4, are onstruted through the onformal geometri algebra.
In 4.1 we desribe null twistors geometrially, and reover the expeted null
ray dened in [38℄. In 4.2 we look at the geometrial desription of non-null
twistors, and derive the Robinson ongruene. We onrm that the irles
belonging to the ongruene are geodesis, by proving that these orrespond
to d-lines in a non-Eulidean spae. In the nal subsetion (4.3), we show
that by re-interpreting a twistor as a spinor in geometri algebra, we are able
to projet it to the 6-d spae and use it to obtain its geometrial desrip-
tion, for the simplest ase, as one obtains the spin bivetor in a relativisti
quantum system.
The onventions in this work are as follows. Greek indies run from 0
3
to 3, while Latin indies run from 1 to 3. The signature of the spae is
hosen suh that the timelike vetor has positive norm, and the spae-like
vetors negative. The speed of light is set to unity c = 1 and so is the Plank
onstant ~ = 1.
2 Bakground Review
2.1 Spae-time algebra
In this setion we introdue our main mathematial tool, whih follows
Hestenes approah to Cliord algebras, where no spei representation is
speied (see [20, 24, 22℄ for example). Details of the ontent of this setion
an be found in [16℄.
Geometri algebra (GA) is a Cliord algebra over the eld of real num-
bers. Its bilinear produt is given by the geometri produt dened as follows
ab = a · b+ a ∧ b, (1)
where a and b are objets of grade 1 (vetors), a · b has grade 0 (a salar),
and a ∧ b returns an objet of grade 2 (a bivetor). The rst operation in
the geometri produt orresponds to the inner produt :
a · b = 1
2
(ab+ ba), (2)
and the seond one to the outer produt :
a ∧ b = 1
2
(ab− ba). (3)
Elements of the geometri algebra are in general a linear ombination of
objets of dierent grade alled multivetors. The operator dened by: 〈 〉k,
projets the objet of grade k from the multivetor. This allows us to express
the general multivetor A as follows
A = 〈A〉+ 〈A〉1 + . . . =
∑
k
〈A〉k, (4)
where 〈 〉 = 〈 〉0 orresponds to the salar projetion.
The normalised element of highest grade of the algebra is alled the pseu-
dosalar and it is denoted by I. The reason for this is that it squares to −1 in
most of the physial spaes of interest. One suh a spae is Minkowski spae-
time, whih an be generated through the spae-time algebra. This algebra
is spanned by four orthonormal vetors {γµ} whih have as matrix represen-
tation the Dira matries, and therefore obey the Dira algebra aordingly
γµ · γν = 1
2
(γµγν + γνγµ) = ηµν = diag(+−−−), (5)
4
where µ and ν run from 0 to 3.
The reiproal vetors are
γ0 = γ0, γ
k = −γk, k = 1, . . . , 3. (6)
The basis elements of the algebra are onstruted through the geometri
produt, and these onstitute in total 24 = 16 elements, viz
1
1 salar
{γµ}
4 vetors
{γµ ∧ γν}
6 bivetors
{Iγµ}
4 trivetors
I
1 pseudosalar
(7)
where the pseudosalar I = γ0γ1γ2γ3 representing the direted volume ele-
ment, is suh that I2 = −1.
For non-relativisti physis, a basis for the 3-d spae an be reated from
the above vetors, by dening relative vetors. These are bivetors given by
r ∧ v, where r is the position vetor, and v is the veloity of the observer.
Taking v = γ0 (sine c = 1), the bivetors have the following form
σk = γkγ0, k = 1, . . . , 3. (8)
Note that the pseudosalar is the same for the algebra of the 3-d and 4-d
spaes. In a 3-d spae the bivetors {σk} an be treated as vetors that obey
the Pauli algebra
σiσj = σi · σj + σi ∧ σj = δij + Iǫijkσk, (9)
where δij is the Kroneker delta, and ǫijk is the Levi-Civita symbol (permu-
tation symbol). This relation an be veried using eq.(8) and (5).
Even elements R of the algebra suh that RR˜ = 1 are alled rotors. (Note
that the tilde over R orresponds to the reverse operation, whih onsists in
reversing the order of the elements in eah outer produt of a multivetor.)
Any multivetor A of the algebra is transformed in exatly the same way
under their ation
A 7→ A′ = RAR˜. (10)
However, rotors and spinors ψ transform single-sidedly aording to their 4π
symmetry, viz
ψ 7→ ψ′ = Rψ. (11)
Rotors mainly enode rotations, and for spaes of Lorentzian signature (1, q)
or (p, 1), these an be generalise to any dimension sine the rotor an be
written as follows
R(λ) = ±e−λB/2, (12)
where λ denotes the innitesimal parameter ontrolling the angle of rotation,
and B denotes the plane where the rotation is taking plae. More omplex
transformations an also be dened by rotors. An example of these are
5
the proper orthohronous Lorentz transformations, whih an be obtained
through the following rotor
R = eαBˆ/2eβIBˆ/2, (13)
where the rst exponential generates the boost and the seond one the rota-
tion. The bivetor Bˆ enodes the boost, and the rotation takes plae in the
plane perpendiular to the motion: IBˆ. The parameter β is the dierene of
veloities between the frames (in units of c), and α is related to it as follows
tanhα = β, (β < 1). (14)
Rotors form a subgroup of the spin group, whih onsists of even-grade
multivetors S ∈ G(p, q) suh that
SaS−1 ∈ G1, ∀a ∈ G1, SS˜ = ±1, (15)
where G(p, q) denotes the geometri algebra for a spae with signature (p, q),
and G1 stands for the subspae of elements of grade 1 of the algebra. The
spin group Spin(p, q) is a 2-to-1 map of the group of orthogonal transforma-
tions with unitary determinant SO(p, q). Taking into aount that R−1 = R˜,
rotors onstitute the spin subgroup suh that RR˜ = 1, and this is designated
by Spin+(p, q). It is a double-over representation of the restrited orthogo-
nal group SO+(p, q), whih is the subgroup of transformations ontinuously
onneted with the identity.
2.2 Spinors
Within geometri algebra, spinors belong to the even subalgebra and to the
spin group (see [20, 23, 18, 16℄). In the 3-d spae they are alled Pauli spinors,
and they are proportional to rotors. The relation between the onventional
notation and our denition is
|ζ〉 =
(
ζ0
ζ1
)
=
(
a0 + ia3
−a2 + ia1
)
↔ ζ = a0 + akIσk, k = 1, . . . , 3, (16)
where the oeients aµ (for µ = 0, . . . , 3) are salars. Note that the Ein-
stein summation onvention is applied when two indies repeat themselves,
unless otherwise stated. Using the above equivalene, we an write the or-
responding spin-up and spin-down basis states
| ↑〉 ↔ 1, | ↓〉 ↔ −Iσ2. (17)
In terms of these, the spinor ζ in eq.(16) an be expressed as
ζ = (a0 + a3Iσ3) + (−Iσ2)(−a2 + a1Iσ3), (18)
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whih indiates that the rle of the unit imaginary is taken by the bivetor
Iσ3. Therefore, borrowing the same notation to express the omponents in
terms of GA, aording to eq.(18) these orrespond to
ζ0 = a0 + a3Iσ3
ζ1 = −a2 + a1Iσ3
(19)
Every time we enounter Iσ3 in an expression for spinor omponents, we
just replae it by the unit imaginary i in order to obtain the onventional
notation. In general, if a given spinor ζ is expressed in its geometri algebra
representation, its omponents are reovered through the following operation
ζ0 = 〈ζ〉+ 〈−ζ Iσ3〉Iσ3 = 〈ζ〉0,Iσ3 = 〈ζ〉s
ζ1 = 〈Iσ2 ζ〉+ 〈−Iσ2 ζ Iσ3〉Iσ3 = 〈Iσ2 ζ〉s
(20)
where the subindex s in the projetor operator indiates that the salar and
Iσ3 terms are projeted from the spinor ζ. The operator 〈 〉s orresponds to
the projetor used to onstrut the inner produt.
Note that ζζ˜ = ρ, where ρ is a salar. This enables us to write the spinor
in terms of a rotor R as follows: ζ = ρ1/2R, sine RR˜ = 1. This form justies
why spinors behave as operators within our formalism, as we will see later
on.
Looking now at the relativisti senario, we are interested in two parti-
ular spinors: 4-d spinors and 2-spinors (or Weyl spinors). The former have
the same algebrai struture as Dira spinors, and hene have 8 degrees of
freedom, while the latter although relativisti, have only 4 degrees of free-
dom. Dira spinors and 4-d spinors are two dierent entities, even though
they have the same algebrai struture, beause they do not transform in
the same way under the onformal group as we will see. However, they share
other important properties that will allow us to dene quantum mehanial
observables in the same way for both of them. 4-d spinors an be expressed
in terms of the 2-spinors in the same way that Dira spinors an, and this is
alled the Weyl representation. In the literature, dierent approahes an be
found for representations of 2-spinors in terms of Cliord algebras (see for
example [19℄). Here we follow the approah rst introdued in [28℄, and later
on in [17, 15, 16℄. Weyl spinors are irreduible representations of SL(2,C)
(see [11℄ for example). The fundamental representation denoted by (12 , 0),
orresponds to the left-handed Weyl spinor: |ω〉 = ωA, where A = 0, 1. In
terms of GA this is
ωA ↔ ω1
2
(1 + σ3), (21)
where ω is a Pauli spinor, i.e. of the form of eq.(16). The projetor to the
right of ω is a hiral operator that ensures that the spinor maintains its four
degrees of freedom after undergoing Lorentz transformations.
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The omplex onjugate representation is given by (0, 12), and it orre-
sponds to the right-handed representation whih lives in a dierent module.
This spinor transforms in a dierent way to the left-handed one. We hoose
to dene the operation of omplex onjugation by right multipliation by
σ1, sine this hanges the ideal whih denes the module. The right-handed
spinor |ω〉 = ω¯A′ is therefore given in terms of GA by
ω¯A
′ ↔ ω1
2
(1 + σ3)σ1 = ωIσ2
1
2
(1− σ3). (22)
To obtain a representation of the 2-spinor in terms of omponents, it is
neessary to dene a spin-frame. This is given by a pair of spin-vetors o
and ι, whih are normalised
{o, ι} = 1. (23)
The operation { , } denotes the inner produt whih is dened further on.
Expliitly, the spin-vetors are o = (1, 0) and ι = (0, 1). In terms of GA, the
map of eq.(17) tells us that the orresponding Pauli spinors of the spin-frame
are: o = 1 and ι = −Iσ2, whih dene the spin-frame for 2-spinors as follows
oA ↔ 1
2
(1 + σ3), (24)
ιA ↔ −Iσ2 1
2
(1 + σ3). (25)
The expression for a general spin-vetor in terms of its omponents is
ω = (ω0, ω1) or ωA = ω0oA + ω1ιA. (26)
These are reovered from the GA representation as follows
ω0 = 2〈ω 12(1 + σ3)〉s
ω1 = 2〈Iσ2 ω 12(1 + σ3)〉s
(27)
while the omponents of its omplex onjugate ω¯A
′
, dened by eq.(22), are
ω¯0
′
= 2〈ω 12 (1− σ3)〉∗s
ω¯1
′
= 2〈Iσ2 ω 12(1− σ3)〉∗s
(28)
where the projetor 〈 〉∗s = 〈 〉0,−Iσ3 denotes the omplex onjugate.
The inner produt between 2-spinors is an antisymmetri quantity, whih
takes the following form in terms of omponents
ωAπ
A = ω0π
0 + ω1π
1 = ω0π1 − ω1π0, (29)
where the relation between representations of omponents
ω0 = ω1, ω
1 = −ω0, (30)
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was used. Note that this relation is always valid for any 2-spinor ωA.
The geometri algebra representation of the inner produt orresponds
to
ωAπ
A = α+ iβ ↔ {ω, π} = α+ βIσ3 = 〈Iσ2ω˜π〉s, (31)
and the omplex onjugate is simply denoted by {ω, π}∗.
We proeed to dene the Weyl representation of the 4-d spinor, viz
|ψ〉 =
(|ω〉
|π〉
)
↔ ψ = ω1
2
(1 + σ3) + πIσ2
1
2
(1− σ3). (32)
Its algebrai similarity with the Dira spinor, enables us to reover the bilin-
ear ovariants, in the same way that we reover those for the Dira spinor,
by applying the mahinery of quantum mehanis in the geometri algebra
formalism. We an therefore dene the `Dira adjoint' of this 4-d spinor, and
this is
〈ψ¯| ↔ ψ˜, (33)
whih denotes a fully Lorentz-ovariant operation. The omponents of ψ an
be reovered using the following projetions
ψ0 = ω0 = 2〈ψ 12(1 + σ3)〉s
ψ1 = ω1 = 2〈Iσ2 ψ 12(1 + σ3)〉s
ψ2 = π¯0′ = −π¯1′ = −2〈ψ 12(1− σ3)〉s
ψ3 = π¯1′ = π¯
0′ = −2〈Iσ2 ψ 12(1− σ3)〉s
(34)
It is important to bear in mind that every time the bivetor Iσ3 appears in
an expression for omponents, we need to replae it by i, the unit imaginary,
in order to reover the onventional notation.
The spinors take the rle of operators within the geometri algebra for-
malism. This is eluidated when the observables of a system are found.
One of the fundamental aspets to reover suh observables in the relativis-
ti framework, is the ation of the Dira matries on the spinor. In our
matrix-free representation, suh an ation is equivalent to
γˆµ|ψ〉 ↔ γµψγ0, (µ = 0, . . . , 3) (35)
i|ψ〉 ↔ ψIσ3, (36)
γˆ5|ψ〉 ↔ ψσ3, (37)
where ψ is a Dira or a 4-d spinor.
Another fundamental aspet is the inner produt. For Pauli, Dira and
4-d spinors this is given by
(ψ, φ)s = 〈ψ˜φ〉s = 〈ψ˜φ〉 − 〈ψ˜φIσ3〉Iσ3. (38)
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In the spae-time, this operation leads to a spae with signature (2, 2), and
with a struture equivalent to a omplex spae. This is a ruial point for
future identiation of twistors with 4-d spinors in our formalism, sine these
are exatly the properties of the twistor spae.
Let us now illustrate how the spinors orrespond to operators in GA by
reovering some observables. Even though we are onsidering 4-d spinors
denoted by ψ, the bilinear ovariants that we will nd below will be denoted
and alled in the same way as their analogues in the Dira theory, sine both
objets have exatly the same properties. The Dira urrent for example, is
obtained as follows
Jµ = 〈ψ¯|γˆµ|ψ〉 ↔ (ψ, γµψγ0)s = 〈ψ˜γµψγ0〉 = γµ · J , (39)
where J = ψγ0ψ˜ denotes the Dira urrent in the geometri algebra formal-
ism. In terms of omponents, vetors are represented as follows within GA
J = J µγµ = Jµγµ, (40)
whih tells us that Jµ = J ·γµ or J µ = J ·γµ. Equation (39) indiates that
ψ ats as a rotor, and gives the instrution to rotate γ0 in the diretion of
the urrent, and dilate it.
Another quantity of interest is the relativisti generalisation of the spin
vetor, whih is the relativisti angular momentum. This is alled the spin
bivetor in GA, and we nd it as follows
Sµν =
1
2
〈ψ¯|i1
2
[γˆµ, γˆν ]|ψ〉 ↔ −1
2
(ψ, γµ∧γν ψIσ3)s = −S ·(γµ∧γν) (41)
where
S =
1
2
ψIσ3ψ˜, (42)
is the spin bivetor. Sine this objet is in no spei representation, in order
to identify it with its onventional analogue, we need to express it in terms
of omponents. From the above equation we see that we hose to dene the
omponents for seond rank tensors as follows
Sµν = −S · (γµ ∧ γν), (43)
although any other hoie ould have been made.
The twistor algebra, whih is an extension of the spinor algebra, an
be taken as the fundamental struture for quantum mehanis and general
relativity [38℄, beause the tensor algebra an be derived from the spinor
algebra. For example, the group property that SL(2,C) is the universal
overing group of the restrited Lorentz group SO+(3, 1), enables us to rep-
resent null vetors through the outer produt of left- and right-handed Weyl
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spinors. In detail (see [37℄), the spinor system is built up from two mod-
ules G
A
and G
A′
whih are related to eah other by a relation of omplex
onjugation. The tensor algebra an be onstruted using the outer produt
of ombinations of the dierent modules. Here we are interested in dening
the agpole, whih is a future pointing null vetor KAA
′
, that represents the
2-spinor up to a phase. This is a fundamental objet to desribe the twistor
physially and geometrially. On one hand, the geometrial information of a
twistor an be speied through the agpole diretions of the primary part
of the twistor. And on the other, the agpole of the projeted part gives
the momentum of the massless partile that the twistor is enoding. Within
GA, the agpole of a spinor ωA is dened as follows (see [16℄ and [15℄)
KAA
′
= ωAω¯A
′ ↔ K = 1
2
ω(γ0 + γ3)ω˜. (44)
This has an interesting form within this formalism, sine it orresponds to the
Dira urrent J = φγ0φ˜ = K assoiated to the wave-funtion φ = ω 12(1+σ3).
The omponents ofK as a vetor an be reovered through eq.(40). However,
this vetor an also be represented in terms of 2×2Hermitian matries, whih
is the onventional representation of KAA
′
. The representation we hoose
here is
KAA
′
= Kασα =
(
K00
′
K01
′
K10
′
K11
′
)
=
(
K0 +K3 K1 − iK2
K1 + iK2 K0 −K3
)
, (45)
where σ0 = 1 and σk are the Pauli matries as usual. This representation
is the same used by [11℄, although it diers from the one speied in [37℄,
so speial are has to be taken when omponents are ompared. (The rep-
resentation we use an be obtained following the method developed in [37℄,
although the stereographi projetion has to be taken this time from the
South Pole.)
2.3 Twistors and their physial properties
The re-interpretation of a twistor as a 4-d spinor in the geometri algebra
formalism an take plae, beause the position dependene that a twistor
has and a spinor normally does not, is introdued here through the ation of
an operator on the 4-d spinor. Suh an operator orresponds to a translation
in the onformal spae, as we will see later on.
Twistors (see [38℄) are objets belonging to a 4-d omplex spae, whih
an be desribed through the solutions to the equation
∇(AA′ωB) = 0. (46)
For non-harged elds in Minkowski spae M, the solution is
ωA =
o
ω
A −irAA′ oπA′
πA′ =
o
πA′
(47)
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where
o
ω
A
and
o
πA′ are onstant spinor-elds whose values oinide with those
of ωA and πA′ at the origin, and r
AA′
is a vetor eld on M. This solution
is enoded in a twistor as follows
Zα = (ωA, πA′). (48)
In terms of GA, the twistor is represented through the following onstrution
Z = T−r(ψ) = ψ + rψIγ3
1
2
(1 + σ3), (49)
where ψ is the 4-d spinor given by eq.(32), and the operator T−r is the spinor
representation in the onformal spae of a translation to −r. This will be
eluidated later on.
The 2-spinor ωA with the loational properties is alled the primary part
of the twistor, and the onstant 2-spinor πA′ its projetion part. Eah of
these parts plays an important rle in the geometrial and physial interpre-
tation of twistors as we will shortly see. In terms of GA, the primary part
orresponds to
ωA ↔ ωP = (ω + rπIσ2Iγ3)1
2
(1 + σ3) = Z
1
2
(1 + σ3) (50)
where ω 12(1 + σ3) is just a onstant spinor-eld, and we an verify that its
value oinides with that of ωP at the origin as established. Its omponents
an be reovered making use of eq.(27), however note that rAA
′
must be
expressed aording to eq.(45). On the other hand, the projetion part is
πA′ ↔ Z 1
2
(1− σ3) = πIσ2 1
2
(1− σ3). (51)
For omparison of this GA objet with the onventional formalism, we need
to resort to omponents. Eq.(28) gives us a way to reover those for πA
′
,
and using eq.(30) we an obtain those for πA′ .
The omponents for the twistor are onventionally evaluated at the ori-
gin, see eq.(6.1.21) on p.48 of [38℄. Therefore, within the GA framework
these orrespond to eq.(34), viz
Z0 = ψ0, Z1 = ψ1, Z2 = Z0′ = ψ
2, Z3 = Z1′ = ψ
3. (52)
Taking a twistor as a `translated' 4-d spinor, enables us to nd its physial
properties in the same way we nd the observables of a quantum system
desribed by ψ. To do this we need to dene the inner produt. This is
the same as for 4-d spinors given by eq.(38), sine the onformal operation
dened by Tr preserves it as we will see later on. This is therefore
XαZ¯α ↔ 〈X˜Z〉s = 〈φ˜ψ〉s, (53)
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where
X = φ+ rφIγ3
1
2
(1 + σ3), (54)
and
φ = ξ
1
2
(1 + σ3) + ηIσ2
1
2
(1− σ3). (55)
The observables obtained through this operation are therefore onformally
invariant. One suh a quantity is the heliity, whih is dened as
s = −〈Z˜Z〉s
= −〈ψ˜ψ〉.
(56)
This is fully independent of any point in spae-time and asserts a handedness
that divides the twistor spae into three regions aording to s > 0, s < 0,
or s = 0.
All the physial states in quantum eld theory an be labelled aording
to the eigenvalues of two Casimir operators: the momentum and the Pauli-
Lubanski spin vetor. The linear momentum is a future-null vetor eld,
whih in terms of 2-spinors represents the agpole diretion of the projetion
part of the twistor. Aording to eq.(44) this is
pAA′ = π¯AπA′
l
p =
1
2
π(γ0 + γ3)π˜ =
1
2
ψ(γ0 − γ3)ψ˜ = 1
2
Z(γ0 − γ3)Z˜ (57)
whih is a ovariant quantity as well.
The angular momentum has a position dependene given by a onformal
Killing vetor eld, whih for the massless ase orresponds to the agpole
diretions of ωA. We will soon see that these diretions have an important
geometrial interpretation. They orrespond to the tangents to the lines of
the ongruene that denes a twistor up to a salar fator. In terms of GA,
the angular momentum takes the same form as in the quantum theory
M =
1
2
ZIσ3Z˜, (58)
whih in terms of the position and the momentum is
M = M0 − r ∧ p, (59)
where
M0 =
1
2
ψIσ3ψ˜ (60)
is the angular momentum at the origin as expeted, sine it orresponds to
the spin bivetor of the spinor ψ, dened by eq.(42). This last equation
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onrms that M given by eq.(58) is of the form of a quantum observable.
Its omponents an be reovered making use of eq.(43).
The Pauli-Lubanski spin vetor is dened as follows within GA
S = −2I(p ∧M) = 2p.(IM). (61)
For massless partiles this an be expressed as
S = −p〈ψ˜ψ〉 = ps, (62)
where s is the heliity of the partile.
Now that we have seen how to obtain essential physial quantities from
twistors, we an reverse our proedure. A spei twistor Z an be reon-
struted up to a phase if we know p and M . This is easy to see by replaing
Z with ZeIσ3θ (where θ is a salar), and verifying that the quantities remain
unhanged.
In this setion we have shown how to reover within our framework the
physial properties of the massless partile that the twistor is enoding, if
this is re-interpreted as a 4-d spinor. The formalism led to expressions al-
ready known from relativisti quantum mehanis. In the next setion we
will dene the onformal spae and derive the spinor representation of the
onformal transformations, justifying the form of the twistor as a `translated'
4-d spinor. Furthermore, the onformal spae is ruial for the geometrial
interpretation of twistors.
3 Conformal geometri algebra
3.1 Conformal spae and its transformations
The onformal spae onsists in the addition of two new diretions, e and e¯,
perpendiular to the basis vetors of the original spae V (p, q),
e2 = 1, e¯2 = −1, e · e¯ = e · x = e¯ · x = 0, (63)
where x ∈ V (p, q). Therefore, for a vetor spae V of signature (p, q), we get
a vetor spae V (p+1, q+1), where two null diretions n and n¯ are formed
from the additional vetors
n = e+ e¯, n¯ = e− e¯. (64)
Note that,
n · n¯ = 2 and x · n = x · n¯ = 0. (65)
Eah position vetor x ∈ V (p, q) is as a onsequene represented in the
onformal spae by a null vetor X ∈ V (p+1, q+1), through a map that is
spei to the geometry of the spae.
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The onstrution of the Eulidean onformal map within geometri alge-
bra was rst given by [24℄, and this is dened as follows (see [16℄)
X = FE
(x
λ
)
=
1
2λ2
(x2n+ 2λx− λ2n¯), (66)
where λ is a positive salar, a fundamental length sale, introdued in order
to obtain a onsistent dimensionless objet.
For the hyperboli spae, the map is given by [26℄
X = FH
(x
λ
)
=
1
λ2 − x2 (x
2n+ 2λx− λ2n¯). (67)
The properties of the spae are determined through the onformal trans-
formations, whih are transformations that preserve angles. These dene a
group C(p, q), whih is a double-over representation of SO(p+1, q+1), and
has its same dimension. There is a subgroup of transformations that an be
dened in terms of innitesimal parameters. These speify the restrited
group C+(p, q), where only inversions are exluded. The transformations of
C+(p, q) an be expressed in terms of rotors, sine the group of rotors is a
double-over representation of the restrited orthogonal group.
The results presented here are taken from [16℄, modied to inlude the
sale fator λ in order to have the orret dimensionality.
Translations
The operation we want is
x 7→ x′ = x+ a (68)
where x, a ∈ V (p, q). This is ahieved in the onformal spae with the
rotor
Ta = exp
(na
2λ
)
= 1 +
1
2λ
na, (69)
sine
Ta FE
(x
λ
)
T˜a = FE
(
x+ a
λ
)
. (70)
Note that this rotor leaves the point at innity, given in the Eulidean
spae by n, invariant: TanT˜a = n.
In the hyperboli spae, the translation rotor is given by (see [26℄)
Tx =
1√
λ2 − x2 (λ+ e¯x). (71)
The form of this rotor indiates that as x approahes the value of
λ, the point is translated to innity. This implies that λ is setting
the boundary of the representation, whih in 2-d orresponds to the
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irle of irumferene of the dis. This representation is known as the
Poinaré dis, and it is a onvention to take a unit dis: λ = 1.
An important property of a urved spae, is that general translations
do not ommute: TxTy 6= TyTx, unless x and y are parallel.
Rotations
Rotors R in harge of rotations belong to the spae-time algebra. As
a onsequene, the point in the onformal spae is rotated in the same
way as the multivetors of the spae-time algebra. Therefore, aording
to eq.(10), the transformation is the following
FE
(
R
x
λ
R˜
)
= RFE
(x
λ
)
R˜. (72)
Note that the point at innity is left invariant under the ation of the
rotor.
If instead of a rotation about the origin, we want a rotation about the
point a ∈ V (p, q), the operation is ahieved with the new rotor
Ra = TaRT˜a, (73)
whih is equivalent to translating a bak to the origin, performing the
rotation, and then translating it forward again. The ovariane of the
theory is therefore manifested, sine the origin is not a speial point.
Dilations
A dilation in the origin is given by
x 7→ x′ = e−αx, (74)
where α is a salar. The rotor enoding suh a transformation in the
onformal spae is
Dα = e
αN
2 = cosh
(α
2
)
+ sinh
(α
2
)
N, (75)
where N = ee¯. The transformation in the onformal spae is
e−αDαFE
(x
λ
)
D˜α = FE
(
e−α
x
λ
)
. (76)
If we want a dilation about a point a, we proeed as we did for the
rotations, and obtain a new rotor, viz
D′α = TaDαT˜a = e
−αA∧n
2 , (77)
where A = FE
(
a
λ
)
.
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Inversions
This operation annot be dened innitesimally, and therefore, annot
be expressed in terms of a rotor.
Taking into aount the sale fator, the operation we need to onsider
is
x
λ
7→ λx
x2
. (78)
Under inversions the point at the origin and at innity are exhanged.
This an be ahieved through reetions, where the vetor e is taken
to be the unit vetor to the plane. This operation leads to
−eFE
(x
λ
)
e =
x2
λ2
FE
(
λ
x
)
. (79)
Note that this is the orret operation, sine vetors in the onformal
spae are represented homogeneously, therefore X and αX orrespond
to the same vetor x, for any non-null salar α.
Furthermore, inversions in an arbitrary point a are obtained by repla-
ing the vetor e by TaeT˜a.
Speial onformal transformations
This operation is dened as an inversion followed by a translation, and
another inversion. The position vetor is transformed to
x
λ
inv.−→ xi = λx
x2
trans.−→ xit = λx
x2
+
a
λy
inv.
x′ =
(
λ2x+ ax2
λx2
)−1
= x
λ
λ2 + ax
=
λ
λ2 + xa
x
(80)
The generator of this transformation is also a rotor
Ka = eTae = 1− n¯a
2λ
, (81)
whih leads to the following onformal vetor
KaFE
(x
λ
)
K˜a =
(
1 +
2
λ2
a · x+ 1
λ4
a2x2
)
FE
(
x
λ
λ2 + ax
)
. (82)
In onlusion, the operators ahieving restrited onformal transforma-
tions in GA belong to the onformal rotor group Spin+(2, 4). This group is
a double-over representation of the restrited orthogonal group SO+(2, 4),
whih in its turn is a double-over representation of the restrited onformal
group C+(1, 3), see [16℄ p.384. Therefore, our rotor group is a 4-fold over-
ing of the latter. This is a key point, beause Spin+(2, 4) is isomorphi to
SU(2, 2), the twistor group.
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3.2 Twistors in the 6-d onformal spae
Twistors are a spin-1/2 representation of the restrited onformal group. We
an therefore map the twistors into the 6-d onformal spae-time algebra,
apply the rotors to the 6-d new objets and dedue the spinor representation
for the onformal group. Furthermore, we will see in the next setion, that
the geometrial desription of the simplest twistor an be onstruted as an
observable of this speial 6-d spinor in the onformal spae.
The twistor is mapped into a 6-d objet as follows
Υ = ZW1W2, (83)
where W1 and W2 are the following projetor operators
W1 =
1
2
(1− Iγ3e), W2 = 1
2
(1− Iγ0e¯). (84)
Let us now look at the indued transformations on the twistor Z, by
transforming Υ under the onformal group. We take λ = 1.
Rotations
These are straightforward, sine the rotor is dened in the 4-d spae,
and therefore the transformation veries
RΥ = R(ZW1W2)
= (RZ)W1W2.
(85)
In this ase the rotor ats in the usual way and does not take a dierent
form
Z 7→ R0(Z) = RZ, (86)
where R0 denotes a rotation in the origin. To obtain rotations about
an arbitrary point, we need to use translations.
Translations
Let us apply the translation rotor dened by eq.(69) to the 6-d twistor
TaΥ = Ta(ZW1W2)
= ZW1W2 − a
2
Z(e+ e¯)W1W2.
(87)
If we ompute the ation of the vetors e and e¯ on the projetors, we
nd that
eW1W2 = Iγ3W1W2 and e¯W1W2 = −Iγ0W1W2, (88)
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and therefore
TaΥ = ZW1W2 − aZIγ3 1
2
(1 + σ3)W1W2
=
(
Z − aZIγ3 1
2
(1 + σ3)
)
W1W2.
(89)
This tells us that the spinor representation for translations is
Ta(Z) = Z − aZIγ3 1
2
(1 + σ3), (90)
sine
TaΥ = Ta(Z)W1W2. (91)
Eq.(90) therefore onrms that the twistor Z orresponds to a trans-
lated 4-d spinor to −r within the geometri algebra framework.
Note that this operation leaves the inner produt invariant, as ex-
peted. If we set
ψ′ = Ta(ψ) and φ
′ = Ta(φ) (92)
it follows that
(ψ′, φ′)s = (ψ, φ)s, (93)
where ψ and φ are general 4-d spinors.
Dilations
The ation of the rotor for dilations dened by eq.(75) on Υ is
DαΥ = Dα(ZW1W2)
= cosh
(α
2
)
ZW1W2 + sinh
(α
2
)
Z(−σ3)W1W2
= Ze−ασ3/2W1W2.
(94)
This tells us that general 4-d spinors are transformed under dilations
as follows
Dα(Z) = Ze
−ασ3/2, (95)
sine
DαΥ = (DαZ)W1W2. (96)
Note that the above operation represents a dilation in the origin. If we
want dilations about a general point, we need to apply translations as
well.
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Inversions
This transformation is not part of the restrited onformal group, and
therefore it is not given in terms of a rotor operator. Furthermore it
does not have a unique representation. For this ase, we look diretly
at the spinor representation rst. We have a freedom of hoies for
the operator Oˆ dening the inversion, for example ombinations of Iσ2
and Iσ1. The operator Oˆ needs to be anti-unitary and suh that
Dα(ZOˆ) = D−α(Z)Oˆ. (97)
We hoose Iσ2, whih leads to
Z 7→ Z ′ = ZIσ2, (98)
and this agrees with eq.(97) sine Iσ2 antiommutes with σ3.
Let us now nd the appropriate transformation of Υ that would lead
to ZW1W2 7→ ZIσ2W1W2 aording to eq.(98). The hoie is not
unique sine the inverse transformation of Z is neither unique. This
is a behaviour expeted from Υ, sine it is a spinor. We hoose the
following operation
−eΥIγ1 = −eZW1W2Iγ1
= ZIσ2W1W2
(99)
whih learly works.
Speial onformal transformations
This transformation is ahieved through the rotor given by eq.(81). Its
ation on the 6-d twistor leads to
KaΥ = Ka(ZW1W2)
= ZW1W2 + aZIγ3
1
2
(1− σ3)W1W2
=
(
Z + aZIγ3
1
2
(1− σ3)
)
W1W2.
(100)
Spinors therefore transform under speial onformal transformations
as follows
Ka(Z) = Z + aZIγ3
1
2
(1− σ3), (101)
sine
KaΥ = (KaZ)W1W2. (102)
Note that due to the single-sided operation of the rotor, we get a aw
in the sign of the transformation oming from the anti-unitarity of
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inversions, viz
Υ
inv.−→ −eΥIγ1 trans.−→
(
1 +
1
2
(e+ e¯)a
)
(−eΥIγ1)
= −e
(
1− 1
2
n¯a
)
ΥIγ1y
inv.(
1− 1
2
n¯a
)
Υ(−1) = −KaΥ.
(103)
This shows that we annot have a faithful representation of the re-
strited onformal group in terms of spinors.
Suh a aw naturally also takes plae for 4-d spinors
Z
inv.−→ ZIσ2 trans.−→ ZIσ2 − aZIσ2Iγ3 1
2
(1 + σ3)y
inv.
− Z − aZIγ3 1
2
(1− σ3) = −Ka(Z).
(104)
This aw in the sign is therefore indiating that these spinors are a
4-valued representation of the restrited onformal group. This agrees
with the denition of a 1-valene twistor as a 4-valued spinor represen-
tation of the restrited onformal group.
Spinors are formed from even elements of the spae-time algebra, and
the rotors of the restrited onformal transformations are onstruted from
bivetors of the form γµγν for spatial rotations and boosts, and of the form
eγµ and e¯γµ for the rest. We have found that we an summarise the above
transformations, by stating the representation of the ation of these bivetors
on a general 4-d spinor ψ
eγµ ↔ −γµψIγ3 (105)
e¯γµ ↔ −Iγµψγ0. (106)
These are the aurate maps to use, and this amends the ones previously
established in [27℄ and [16℄, whih only dier by a minus sign.
The formalism desribed in this setion is the keystone to the geometri
algebra approah to twistors, sine not only it justies the position depen-
dene of the twistor as a 4-d spinor, whih omes about just by translating
the origin to a general position vetor, but also, the onformal geometri al-
gebra allows us to onstrut the geometrial struture of twistors in a simple
way.
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4 Geometrial desription of twistors
In this setion we reprodue the results found in [38, 29℄ for the geometrial
desription of twistors, making use of our formalism, where twistors are 4-d
spinors.
The information in a twistor an be enoded geometrially, dening the
twistor up to a salar. We enounter two dierent types of twistors aording
to their salar produt, whih desribes the heliity eq.(56). If this one
vanishes the twistor is alled null and otherwise non-null.
Furthermore, the twistor an be represented geometrially in two dierent
ways whih are equivalent, sine they are the dual of eah other. One of them
onsists in obtaining the lous representing the twistor in the omplexied
(or real) spae-time, while its dual is given by the agpole eld of the primary
part of the twistor whih is alled the Robinson Congruene.
4.1 Null twistors: 〈Z˜Z〉 = 0
The ase of a null twistor is the simplest, and its representation an be
obtained in the real spae-time. This is a null ray, whih points in the
agpole diretion of π, and passes through the point q whih lies along the
agpole diretion of ω. This representation is ahieved for the ase when the
primary part of the twistor is null. Let us see this in detail. Using eq.(50),
we get the following equation for the lous
ωP = 0 ⇔ ω1
2
(1 + σ3) + rπIσ2Iγ3
1
2
(1 + σ3) = 0. (107)
We an multiply this equation on the right by γ0ω˜ to obtain
ω
1
2
(γ0 + γ3)ω˜ = −rπσ2 1
2
(1− σ3)ω˜. (108)
The left-hand side of this equation is the agpole diretion of ω, aording
to eq.(44), and we will denote it by K. A partiular solution q an be found
if we evaluate the equation at s = 0, whih is the ondition for null twistors,
and this is
q =
K
β
, (109)
where
β = −Iσ3{ω, π}∗
∣∣∣
s=0
. (110)
The general solution an be expressed as
r = q + hp, (111)
where h is a real salar and p is the momentum given by eq.(57). This an
be veried easily, sine
p
(
πσ2
1
2
(1− σ3)ω˜
)
= 0. (112)
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The solution given by eq.(111) therefore represents the position vetor of a
null straight line, a ray. This is in the diretion of the agpole of π and
passes through the point q, whih an be pitured as the position vetor of
the point of intersetion of the line with the null one at the origin. Note
that the ray remains invariant under resaling: Z 7→ Z ′ = λZ, where λ is
just a salar of the spae-time algebra. This indiates that the twistor an
only be determined by its ray up to proportionality.
The ase that we just onsidered, is for speial null twistors, suh that
their primary part is zero. If instead we onsider now the ase where the
projetion part vanishes, it is not possible to nd a nite lous. For a non-
trivial twistor, the lous an be taken as the `light one at innity'.
4.2 Non-null twistors: 〈Z˜Z〉 6= 0
In this ase the lous, given by a null line as well, is in the omplexied
spae. A real realization an be obtained through the dual piture, whih
orresponds to the system of all null lines whih meet the lous [29℄. This
system is the Robinson Congruene, and is dened by the eld of agpole
diretions of the primary part ωP .
The ongruene an be visualised by taking a partiular example, sine
any two Robinson ongruenes an be transformed one into the other by
a Poinaré transformation. We will obtain a ongruene of rays that twist
about one another without shear, in a right-handed way if the heliity is
positive and in the other sense otherwise. Furthermore, we will onrm the
geodeti property of these irles, by showing that these orrespond to d-lines
in a non-Eulidean spae.
Let us use the same example of [38℄ p.59-63 to see how the ongruene
is found in terms of GA. The partiular twistor denoted here by Zeg, orre-
sponds to
Zeg = ψeg + rψegIγ3
1
2
(1 + σ3), (113)
where
ψeg = −Iσ2s1
2
(1 + σ3) + Iσ2
1
2
(1− σ3), (114)
and
r = tγ0 + xγ1 + yγ2 + zγ3. (115)
In this example s denotes the heliity. This an be veried using eq.(56)
−〈Z˜egZeg〉s = s. (116)
Let us now nd the eld of agpole diretions of the primary part of the
twistor, sine this gives the tangent eld to the Robinson ongruene. The
primary part is
ωP = Zeg
1
2
(1 + σ3) = (−Iσ2s+ rIσ2Iγ3)1
2
(1 + σ3), (117)
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and its agpole dened by eq.(44) will be denoted by K. In order to get
a 3-d piture of the tangent eld, and therefore of the ongruene, we need
to projet K into a hyperplane. We hoose to do suh manipulations in the
onformal spae making use of the results found in hp.10 of [16℄, sine the
omputations are easily ahieved there. We rst obtain the line in the K
diretion, and then we projet it. The line in the onformal spae is of the
form
L = Kee¯+ r ∧K ∧ n, (118)
where r is the position vetor of a point in the line, e and e¯ are the added
vetors to onstrut the onformal spae, eq.(63), and n is the null vetor of
eq.(64). This line is projeted into the hyperplane t = τ , whih is represented
in the onformal spae by
P = (γ0 + τn)I6, (119)
where I6 = γ0γ1γ2γ3ee¯ is the pseudosalar of the 6-d spae. The projeted
line in the plane is
LP = L+ PLP, (120)
sine PLP orresponds to the reetion of the line L with respet to the
plane P .
The diretion of the line an be reovered easily if the line passes through
the origin. This is so beause aording to eq.(118) we see that at the origin
we have: Lo = Kee¯. Thereupon, let us translate the line LP and make it
pass through the origin to reover its diretion. The translation rotor that
we need here to make the line pass through the origin is (reall eq.(69))
RBo = 1− 1
2
nr(t = τ), (121)
where r(t = τ) is just the position vetor r evaluated at the intersetion
t = τ . The diretion of the projeted tangent an now be obtained
Tdir = (RBoLP R˜Bo)ee¯. (122)
To plot this vetor eld (its normalised version: Tndir), we need to set values
for τ and s. Let us take for example τ = 0 and s = 12 . The following plots
are obtained g.1.
If we ompare this tangent eld with the gure of the Robinson ongru-
ene of [38℄ on p.62, we see that it has the expeted form. Furthermore it is
important to note that the ongruene advanes in opposite diretion to the
z axis, i.e. in the projeted diretion of the agpole of π¯A, whih orresponds
to the projeted momentum.
In order to make evident the rle of the heliity in the twisting of the
urves, let us plot two dierent gures for exaggerated heliities: 10 and
−10. Fig.2 shows the projeted tangent eld viewed at 45◦ for the two ases.
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(a) View at 45
◦
(b) Frontal view
Figure 1: Projeted tangent eld from two dierent views 1(a) and 1(b).
We an see that the twisting of the lines is right-handed for positive heliity,
g.2(a), and in the opposite diretion for negative heliity, g.2(b).
The urves with tangent eld Tndir are onstruted as follows. First we
take the relative vetor of r, in order to be able to visualise the urves in 3-d
spae, and parametrise it, viz
rrel(µ) = r(µ) ∧ γ0 = x(µ)σ1 + y(µ)σ2 + z(µ)σ3. (123)
The tangent eld denes the veloity
∂rrel(µ)
∂µ
= v(µ) = Tndir(µ)(t = 0) ∧ γ0, (124)
and hene the aeleration is given by: a(µ) = ∂v(µ)∂µ .
After verifying that the motion is onned to a plane, irular and with
onstant aeleration, we an dene the entre of the irle as follows
cT = rrel(µ) + |ρ| a(µ)|a(µ)| , (125)
where |ρ| is the magnitude of the radius of the irle, whih for this sort of
motion is 1/|a(µ)|, sine the veloity is |v(µ)| = 1.
To obtain the irle we need to rotate the radius ρ = rrel(µ) − cT from
θ = 0 to θ = 2π. The position vetor of any point in the irle is therefore
rcirc = cT +RρR˜, (126)
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(a) Positive heliity: s = 10 (b) Negative heliity: s = −10
Figure 2: Tangent eld at 45◦ for positive and negative heliities.
where R is the rotor in the plane
R = cos
(
θ
2
)
+B sin
(
θ
2
)
. (127)
B is the bivetor enoding the plane where the rotation takes plae
B = v(µ) ∧ a(µ)|a(µ)| , (128)
and we see that it is normalised: B2 = −1.
To get a plot of the irle we take spei values of x = Nx, y = Ny,
z = Nz and s, with θ ∈ [0, 2π]. This irle is part of a family of irles
around a torus. To get more members of this family we take
x = Nx cos(φ),
y = Ny sin(φ),
z = Nz,
(129)
and vary φ from an initial angle φi to φf = φi + 2π. The following plots
are obtained for two dierent sets of initial oordinates and heliities. These
irles do not interset at all. Fig.3 shows the ongruenes
1
from two dierent
perspetives.
The Robinson ongruene has therefore suessfully been reovered within
the formalism of geometri algebra. We now onrm the geodeti property of
1
The lines in the plots were hosen as tubular for the sake of perspetive, in order to
be able to distinguish eah family of irles.
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(a) View at 45
◦
(b) Upper view
Figure 3: Congruenes of irles from two dierent perspetives.
the urves, by showing that these orrespond to d-lines in the non-Eulidean
spae.
The onformal representation of the position vetor ucirc in a non-Eulidean
spae, is given aording to eq.(67) by
Xcirc =
1
s2 − u2circ
(u2circn+ 2sucirc − s2n¯) (130)
where ucirc = rcirc · γ0 for onsisteny with the non-Eulidean spae. Note
that the heliity s is identied with the fundamental length sale λ introdued
to make the null vetors X in the onformal spae dimensionless. This is
ruial in our formalism, sine for osmologial senarios, this onstant is
identied with the osmologial onstant [26℄! Therefore suh a onstant
tells us about the fundamental struture of the spae, and in this ase, the
heliity is the responsible of the underlying geometry of the twistor.
Let us now translate the irles to the origin in order to onrm their
nature as d-lines. The rotor ahieving translations in the onformal spae is
of the form of eq.(71), therefore for this spei task it orresponds to
T−ucirc =
1√
s2 − u2circ
(s− e¯ucirc). (131)
The new position vetor in the onformal spae is thereupon
X ′circ = T−ucircXcircT˜−ucirc. (132)
From this we an reover the 3-d position vetor u′circ as follows
u′circ =
3∑
k=1
s
X ′circ · γk γk
X ′circ · n
. (133)
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Figure 4: Congruene of d-lines at the origin.
If we plot the family of irles obtained from this position vetor, proeeding
in exatly the same way as before, we nd a one through the origin! See
g.4.
This result onrms that the irles of the Robinson ongruene are of
geodeti nature, sine the geodesis in a hyperboli spae are represented
onformally as irles that beome straight lines at the origin (see for example
[35℄, [10℄ and [25℄).
4.3 Null ray as an observable of the 6-d spae
Re-interpreting a twistor as a 4-d spinor within geometri algebra, has al-
lowed us to apply the mahinery already known from quantum mehanis, to
reover the physial properties of the massless partile enoded in a twistor.
In this setion, we want to show that a further advantage of this new inter-
pretation, is that the geometrial properties of a twistor an also be obtained
as quantum observables. This takes plae in the onformal spae, and there-
fore, the quantum system is dened by the 6-d twistor Υ.
Let us onsider the simplest geometrial desription, whih is the null ray
representing a partiular null twistor. The equation for the ray is eq.(111),
and this an be expressed in the onformal spae by making use of eq.(118),
whih gives us
L = q ∧ p ∧ n+ pee¯. (134)
Any objet proportional to L will dene a line passing through q in the
diretion p.
We set the observer at the origin, whih means that Υ is replaed by
Ψ = ψW1W2, (135)
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where ψ is the 4-d spinor in eq.(49). Sine the heliity is the objet that
denes the geometry of the twistor in spae-time, let us see if we an nd
the ray in terms of the spin bivetor. Aording to eq.(42), this would be of
the form
Lψ = (ΨIσ3Ψ˜) ∧ n. (136)
We an expand this expression taking into aount the results found in 2.3
for ψ, and we obtain
Lψ =
1
2
(M0 ∧ n+ pee¯), (137)
where M0 is the angular momentum at the origin given by eq.(60).
The total angular momentum of a twistor, given by eq.(59), is zero when
the twistor is null. In this ase the angular momentum at the origin M0 an
be expressed in terms of the momentum p and the position vetor q, viz
M0
∣∣∣∣
s=0
= q ∧ p
∣∣∣∣
s=0
. (138)
The observable takes now the following form
Lψ =
1
2
(q ∧ p ∧ n+ pee¯), (139)
whih leads to
L = 2Lψ, (140)
if the ondition for null twistors is satised.
In onlusion, the ray representing a partiular null twistor an be ob-
tained as an observable of a quantum system in 6-d, where the state is
desribed by the spinor Ψ, and the observable is related to the spin bivetor.
Let us look at interesting features of this, by moving around our observ-
able.
If we apply a translation we nd
L′ψ = TaLψT˜a
= (Ψ′Iσ3Ψ˜
′) ∧ n
=
1
2
[(q + a) ∧ p ∧ n+ pee¯]
(141)
where Ψ′ = TaΨ. This new ray is still in the diretion of p, but passes now
through the point q + a.
If we now apply an inversion to the 6-d spinor, let us see how the ray
transforms
L′ψ = (Ψ
′Iσ3Ψ˜
′) ∧ n
= −e[(ΨIσ3Ψ˜) ∧ n¯]e
=
1
2
[P ∧K ∧ n+Kee¯]
(142)
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where K is the agpole diretion of ω as before, and P orresponds to the
point of intersetion of the new null ray with the null one. This is given by
P =
1
β
p, (143)
where β is dened by eq.(110), and is the same oeient as the one for the
point q given by eq.(109). This indiates that the `inverted' new ray, whih
is in the diretion K passing through P , is perpendiular to the old one, and
therefore it belongs to the family of rays that are dual to this observable.
5 Conlusions
Throughout this work we have shown that twistors an be onsistently re-
interpret in terms of 4-d spinors with a position dependene, within the
framework of geometri algebra. The manipulations of these objets are
simplied enormously within our framework, sine we already know how 4-d
spinors behave in relativisti quantum mehanis. This is one of the main
advantages and motivations of the formalism. Important aspets of twistors,
suh as the physial properties of the massless partile that a twistor is
enoding, an be reovered applying the mahinery of quantum mehanis
to the `translated' 4-d spinor. Furthermore, the onformal geometri algebra
enables us to obtain in a simple way the geometrial properties of the twistor.
We have also shown, that a twistor an be extended to the 6-d spae in the
form of a 6-d spinor, with the utility to reover its geometrial properties as
observables of a quantum system determined by the 6-d spinor.
It an be argued in this light, that although signiant simpliations of
the formalism have been ahieved, we might be ontraditing the initial pur-
pose of twistors, as fundamental objets from whih the spae of quantum
mehanis and general relativity an be onstruted, if twistors are taken
from the beginning as 4-d spinors. However, in [2℄ we will show that within
our formalism, points in the onformal spae an be derived through twistors.
Furthermore, we will show that our formalism an bring together multipar-
tile quantum systems, onformal geometry and wave-funtions for spin-0
partiles. The relevane of this is that geometri algebra ats as a unifying
tool. The goal in the future is to onstrut wave-funtions of dierent spin
within geometri algebra in a unied way, in order to pursue supersymmetry.
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